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The problem of describing the generators of a differential
field of invariant differential rational functions with

respect to the action of the group of real representations
of symplectic transformations in a quaternion space

Juraboyev S. S. 1

Kvaternion fazoning simplektik almashtirishlarini haqiqiy
tasvirlari gruppasi ta’siriga nisbatan invariant differensial
ratsional funksiyalar differensial maydonining tashkil
etuvchilarini tavsiflash masalasi
Ushbu maqola n o‘lchovli kvaternion fazoning simplektik
almashtirishlarining haqiqiy tasvirlari gruppasi ta’siriga
nisbatan invariant differensial ratsional funksiyalarning
differensial maydonini tashkil etuvchilarini tavsiflash va ular
orasidagi munosabatlarni aniqlashga bag‘ishlangan.
Kalit so‘zlar: haqiqiy tasvirlar gruppasi; invariant ko‘phad;
invariant ratsional funksiya; differensial halqa; differensial
maydon.

Задача описания образующих дифференциального поля
инвариантных дифференциальных рациональных функций
относительно действия группы вещественных представле-
ний симплектических преобразований в кватернионном про-
странстве
Настоящая статья посвящена решению задачи об описание
образующие дифференциального поля инвариантных диф-
ференциальных рациональных функций относительно дей-
ствия группы вещественных представлений симплектиче-
ских преобразований n−мерного кватернионного простран-
ства и определеную соотношения между ними.
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Introduction
It is known, the classical theory of invariants deals with the classification of elements of a finite-dimensional
vector space V over the field k with respect to the action of the algebraic linear group G ⊂ GL (n, k). In this case,
invariants are not arbitrary functions on V these are constants on the orbits of the group G, but only polynomial
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ones (that is written in coordinates as polynomials) or, more generally, rational ones. The polynomial invariants
of the group G form a subalgebra in the algebra k [V ] of all polynomial functions on V . This subalgebra is
called the algebra of invariants and is denoted by k[V ]

G. In the course of the theory invariants, the problems of
describing the generators of the algebra k[V ]

G ( which will not necessarily be a complete system of invariants)
and finding the defining relations between them are considered. The solutions to these problems are called the
first and second main theorems of the theory of invariants respectively( see [1]). In particular, the problem
related to the finite generation of the algebra k[V ]

G is known as Hilbert’s 14th problem. This problem was
solved positively by the Hilbert-Nagata-Mumford theorem for many algebraic linear groups, including reductive
groups ( see [2], [3], [4], [5]). However, in general, i.e., for any algebraic linear group G ∈ GL(V ), the problem
is not solved positively (for example, see [2], [3]).

In the study of Hilbert’s 14th problem, H.Weyl’s works [6] is commendable. In this work, he showed the
first and second main theorems for many classical groups, in particular, linear, special linear, orthogonal and
symplectic groups, methods for proving them, and the branches of development of the theory invariants in later
periods.

The differential analogue of the above problems were studied by Dj. Khadzhiev, K. K. Muminov, I. V. Chilin,
R. G. Aripov, and obtained the positively solutions of this problem with respect to the action of orthogonal,special
orthogonal, pseudo-orthogonal, and symplectic groups, (see [7, 8, 9, 10]). At present, the results obtained are
applied to differential geometry, non-Euclidean geometry and other important fields of science (see [11, 12, 13,
14, 15]).

In all the works listed above, the posed problem was studied for finite-dimensional real and complex spaces.
It is known that in the classical theory of invariants, in addition to real and complex spaces, linear spaces over
the skew-field of quaternion numbers are also considered and invariants with respect to the action of subgroups
invertible linear transformation in such spaces are studied. This is represented a special case of the theory of
non-commutative invariants (see, for example, [16, 17]).

In this paper it will be considered the problems of describing the generators of a differential field of invariant
rational functions with respect to the action of the group real representations of symplectic transformations in
an n-dimensional quaternion vector space, and that defining relations between them.

Symplectic group

Let Hn be an n-dimensional linear space over the skew-field H (multiplication of numbers is defined on the
left), where H is a skew-field of quaternion numbers. By GL (Hn) denote the group of all invertible linear
transformations of the space Hn. Let the function 〈x, y〉 be a mapping of the Cartesian product Hn ×Hn onto
H and satisfies the following conditions:

〈αx+ βy, z〉 = α 〈x, z〉+ β 〈y, z〉 , α, β ∈ H, x, y, z ∈ Hn;

〈x, y〉 = 〈y, x〉;
〈x, x〉 > 0, for everyx ∈ Hn, x 6= 0,

(1)

where q̄ means the conjugate of a quaternion q = a+ bi+ cj + dk, i.e., q̄ = a− bi− cj − dk; i2 = j2 = k2 = −1,
ij = −ji = k, jk = −kj = i, ki = −ik = j; a, b, c, d ∈ R.

We define the function 〈x, y〉 as a bilinear form as follows:

〈x, y〉 = x1ȳ1 + x2ȳ2 + ...+ xnȳn. (2)

It is known, the symplectic group Sp (n) with respect to the function 〈x, y〉 is defined as a subgroup of GL (Hn)
as follows, [19]:

Sp (n) = {σ ∈ GL (Hn) : 〈σx, σy〉 = 〈x, y〉} . (3)

It is plain that for ∀x ∈ V and ∀σ ∈ GL (Hn) the relation σx↔ xg is true, where g ∈ GL (n,H). In this case,
the symplectic group Sp (n) is defined as follows

Sp (n) = {g ∈ GL(n,H) : g∗g = gg∗ = E} , (4)

where the matrix g∗ is Hermitian conjugate of the matrix g, i.e., g∗ = ḡT , E is identity element of the group
GL(n,H).
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It is known that the space Hn can be considered as to a 4n dimensional real space using the following
operation:

x = (x1, x2, ..., xn) = (x11 + x12i+ x13j + x14k, ..., xn1 + xn2i+ xn3j + xn4k) =

= (x11 + x12i+ x13j + x14k) e1 + ...+ (xn1 + xn2i+ xn3j + xn4k) en =

= x11e1 + x12 (ie1) + x13 (je1) + x14 (ke1) + ...+ xn1en + xn2 (ien) + xn3 (jen) + xn4 (ken) ≈
≈ (x11, x12, x13, x14, ..., xn1, xn2, xn3, xn4) = ~x, (5)

where xlm ∈ R, l = 1, n, m = 1, 4.
We conditionally call the realification of this operation and denoted by "≈". We are denoted by V the space of
the realification Hn.

It is obvious that as a result of applying the operation "≈ the sum of arbitrary vectors x, y ∈ Hn turns
into the sum of vectors ~x, ~y ∈ V , where ~x, ~y are real vectors corresponding to the vectors x, y. However, this
property does not hold for the operation of the multiplication (on the left) of an arbitrary vector x ∈ Hn by
a number λ ∈ H. Therefore, when realification the space, the concepts associated with the operation of scalar
multiplication are defined with the help of certain conditions through their equivalent concepts. For example,
linearly dependent, orthogonally and other. Accordingly, we introduce the following definition.

Definition 1. Vectors ~x1, ~x2, ..., ~xn ∈ V are called a strongly linearly independent if the vectors
x1, x2, ..., xn ∈ Hn corresponding them by realification, are linearly independent in Hn.

Note 1. Any system that has strong linear independent real vectors is of course linear independent, but the
converse is not always true.

For example, the vectors ~x = (1, 0, ..., 0) , ~y = (0, 1, 0, ..., 0) ∈ V are linearly independent, but not strongly
linearly independent, because with respect to the action (5) the vectors ~x and ~y corresponding to the quaternion
vectors a = (1, 0, ..., 0) and b = (i, 0, 0, ..., 0), respectively. The vectors a and b are not linearly independent in
the quaternion space Hn.

The group of real representations of the symplectic group Sp (n)
The realification operation described above is a one-to-one correspondence between the spaces Hn and V . It
follows that every element ϑ ∈ GL (Hn) defines a linear transformation ϑ′ ∈ GL (V ). Also, GL (Hn) can be
regarded as a subgroup in GL (V ) using the isomorphism in ϑ ↔ ϑ′. Then Sp (n) can be regarded also as a
subgroup of GL (V ). This subgroup is called the real representation of Sp (n), [16]. We define this group as
follows.

Let 〈x, y〉 be defined in the form (2). We denote the coefficients in front of its units 1, i, j, k by Ω1 (~x, ~y),
Ωi (~x, ~y), Ωj (~x, ~y), Ωk (~x, ~y), respectively, i.e.,

〈x, y〉 = Ω1 (~x, ~y)− Ωi (~x, ~y) i− Ωj (~x, ~y) j − Ωk (~x, ~y) k, (6)

where x, y ∈ Hn, ~x, ~y ∈ V , also

1. Ω1 (~x, ~y) =
n∑
l=1

(xl1yl1 + xl2yl2 + xl3yl3 + xl4yl4);

2. Ωi (~x, ~y) =
n∑
l=1

(xl1yl2 − xl2yl1 + xl3yl4 − xl4yl3);

3. Ωj (~x, ~y) =
n∑
l=1

(xl1yl3 − xl3yl1 + xl4yl2 − xl2yl4);

4. Ωk (~x, ~y) =
n∑
l=1

(xl1yl4 − xl4yl1 + xl2yl3 − xl3yl2).

Obviously, a symplectic transformation leaves invariant of the bilinear form 〈x, y〉. Then, the corresponding real
transformation to it leaves invariant the bilinear forms Ω1,Ωi, Ωj ,Ωk, (see,[16]). We will have the following
definition from this property.

Definition 2. The group of linear transformations ϑ′ ∈ GL (V ) is called a group of the real representation
Sp(n) if it satisfies the following conditions:{

ϑ′ ∈ GL (V ) : Ω1 (ϑ′~x, ϑ′~y) = Ω1 (~x, ~y) , Ωi (ϑ′~x, ϑ′~y) = Ωi (~x, ~y) ,

Ωj (ϑ′~x, ϑ′~y) = Ωj (~x, ~y) , Ωk (ϑ′~x, ϑ′~y) = Ωk (~x, ~y)

}
.
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It is known that each transformation ϑ′ ∈ GL (V ) can be uniquely represented by the matrix g ∈ GL (4n,R).
This allows us to define the group of real representations of Sp(n) using matrices g ∈ GL (4n,R). To do this,
we use Definition 2 and the following:

Ω1 (~x, ~y) = ~x(~y)
T
,Ωi (~x, ~y) = ~xI(~y)

T
, Ωj (~x, ~y) = ~xJ(~y)

T
, Ωj (~x, ~y) = ~xK(~y)

T
, (7)

where

I =


I1 θ ... θ
θ I1 ... θ
...

... ...
...

θ θ ... I1

 , J =


J1 θ ... θ
θ J1 ... θ
...

... ...
...

θ θ ... J1

 , K =


K1 θ ... θ
θ K1 ... θ
...

... ...
...

θ θ ... K1

 ;

here θ− is 4th ordered zero matrix, also

I1 =


0 1 0 0
−1 0 0 0
0 0 0 1
0 0 −1 0

 , J1 =


0 0 −1 0
0 0 0 1
1 0 0 0
0 −1 0 0

 , K1 =


0 0 0 1
0 0 1 0
0 −1 0 0
−1 0 0 0

 .
As a result, we have the following definition of the real representation Sp(n) given by the matrices

g ∈ GL(4n,R):
Definition 3. The group of matrix g ∈ GL(4n,R) is said to be the real representation Sp(n), if it satisfies

the following conditions:{
g ∈ GL (4n,R) : ggT = E, gIgT = I, gJgT = J, gKgT = K, det g = 1

}
, (8)

where E is 4n th ordered unit matrix.
In what follows, we consider only the group of real representation of Sp(n), and denote it by Sp (4n).
It is known that group of matrices g ∈ GL (n,R) that simultaneously satisfy the conditions ggT = E,

gIgT = I, det g = 1 is called orthogonal-symplectic group, and denoted by O (n,R) ∩ Sp (n,R), (see, [19]).
According to this definition, we can also write the group Sp (4n) in the following form

Sp (4n) = O (4n,R) ∩ Sp (4n,R) ∩G1 ∩G2,

where the groups G1 and G2 are defined in form as follows, respectively

G1 =
{
g ∈ GL (4n,R) : gJgT = J

}
, G2 =

{
g ∈ GL (4n,R) : gKgT = K

}
.

Lemma 1. Let groups Sp (4n), G1 and G2 be given. Then the relations

G1
∼= Sp (4n,R) , G2

∼= Sp (4n,R) , G1
∼= G2

hold under the mappings ϕ1 (g1) = A1g1A1, ϕ2 (g2) = A2g2A2 and ϕ3 (g2) = A3g2A3 respectively, where
g1, g3 ∈ G1, g2, ϕ3 (g3) ∈ G2, ϕ1 (g1) , ϕ2 (g2) ∈ Sp (4n,R),

A1 =


A11 θ ... θ
θ A11 ... θ
...

...
...

...
θ θ ... A11

 , A2 =


A21 θ ... θ
θ A21 ... θ
...

...
...

...
θ θ ... A21

 , A3 =


A31 θ ... θ
θ A31 ... θ
...

...
...

...
θ θ ... A31

 ;

also,

A11 =


0 0 0 1
0 1 0 0
0 0 −1 0
1 0 0 0

 , A21 =


0 0 1 0
0 1 0 0
1 0 0 0
0 0 0 −1

 , A31 =


1 0 0 0
0 −1 0 0
0 0 0 1
0 0 1 0

 .
as well as, for the matrices A1, A2, A3 the following equalities are hold:

a) A1JA1 = I, A2
1 = E; b) AT2 = A2, A2JA2 = I, A2

2 = E; c) A2
3 = E, A3JA3 = K, AT3 = A3.

Proof. To prove Lemma 1, it suffices to show that the relation G1
∼= Sp (4n,R) holds with respect to the

mapping ϕ1 (g1) = A1g1A1 . Because the others can be proved in the same way. Let a mapping
ϕ : G1 → Sp (4n,R) be of the form ϕ (g1) = A1g1A1.
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1. The mapping ϕ1 of the group G1 into the group Sp(n,R) is a homomorphism of G1 into Sp(n,R).
Indeed, for any g

′

1, g
′′

1 ∈ G1

ϕ
(
g

′

1 g
′′

1

)
= A1

(
g

′

1 g
′′

1

)
A1 = A1g

′

1Eg
′′

1A1 = A1g
′

1A
2
1g

′′

1A1 = ϕ
(
g

′′

1

)
ϕ
(
g

′′

1

)
,

i.e., the equality ϕ
(
g

′

1 g
′′

1

)
= ϕ

(
g

′′

1

)
ϕ
(
g

′′

1

)
is hold;

2. For the ϕ1 homomorphism the relation kerϕ1 = {e1} is hold, where kerϕ1 is kernel of the homomorphism
ϕ1, i.e., kerϕ1 = ϕ1

−1(e1), also e1 is the unit element of group Sp(n,R).
It will be shown that the above claim is true as follows:

let be ϕ1
−1(e1) = G′. Then the equality ϕ1(G′) = e1 holds. From here follows the equality

ϕ1(g1
′) = e1 = A1g1

′A1 for any g1
′ ∈ G′. By multiplying this equality by A1 on both from the left and right,

we have g1
′ = e1. From the fact that the last equality is valid for all g1

′ ∈ G′, the relation G′ = {e1} follows.
This implies that the equality kerϕ1 = {e1} is true.

Statements 1 and 2 above show that the mapping ϕ1 will be an isomorphic mapping of the group G1 into
the group Sp(n,R). Lemma 1 has been proved. 2.

From Lemma 1, we will have the corollary in the following.
Corollary 1. Sp (4n) ∼= O (4n,R) ∩ Sp (4n,R).

The ring of invariant polynomials with respect to the action of the
group Sp (4n)

In this section, we study the ring of Sp(4n)−invariant polynomials and the problem of constructing a system
of its generators. In addition, we define the relationship between them.

Let V be a 4n dimensional vector space, which the realification of Hn. The elements of the space V will be
represented as 4n dimensional row-vector, and denoted by ~x. Let be G ⊂ GL(4n,R). As an action of the group
G to the space V is defined as right multiplication of the matrix g ∈ G to the row-vector ~x ∈ V , i.e., (g, ~x) = ~xg.
Let R [~x1, ~x2, ..., ~x4n] be the ring of real polynomials in 4n vector arguments, where ~x1, ~x2, ..., ~x4n ∈ V .

Definition 4. The polynomial function f [~x1, ~x2, ..., ~x4n] is called G− invariant, if the equality

f [~x1g, ~x2g, ..., ~x4ng] = f [~x1, ~x2, ..., ~x4n]

is true for all g ∈ G.
We denote the set of all invariant polynomials with R[~x1, ~x2, ..., ~x4n]

G. It is plain, this set is a subring of the
ring R[~x1, ~x2, ..., ~x4n]

G with respect to operations defined on the ring R [~x1, ~x2, ..., ~x4n], i.e.,

R[~x1, ~x2, ..., ~x4n]
G ⊂ R [~x1, ~x2, ..., ~x4n] .

Let the set Σ = {εl}l∈∆ is consisted from elements of R [~x1, ~x2, ..., ~x4n], where ∆ is a set in finite number of
natural numbers.

Definition 5. The elements ε1, ε2, ..., εs ∈ Σ are called algebraical dependent, if that exists such polynomial
P [~x1, ~x2, ..., ~xs] in R [~x1, ~x2, ..., ~x4n], then be P (ε1, ε2, ..., εs) = 0 , otherwise, these elements are called algebraical
independent, over R[~x1, ~x2, ..., ~x4n]

G.
The set Σ = {εl}l∈∆ is called generating system of the ring R[~x1, ~x2, ..., ~x4n]

G, if an arbitrary element
f [~x1, ~x2, ..., ~x4n] ∈ R[~x1, ~x2, ..., ~x4n]

G can be generating by applying a finite number of operations of the ring
R[~x1, ~x2, ..., ~x4n]

G to the elements of Σ = {εl}l∈∆. A system of algebraical independent generators is called
a integrity basis of the ring R[~x1, ~x2, ..., ~x4n]

G. In the following, we consider the problem of describing a
system of generators in R[~x1, ~x2, ..., ~x4n]

G for G = Sp (4n).
Let there be given several G−invariant polynomials of some vector arguments u1, u2, ..., i.e.,

ϕ1 [u1, u2, ...] , ϕ2 [u1, u2, ...] , .... (9)

The system (9) will be a complete table of typical basic invariants form arguments, if it changes into an integrity
basis for invariants of m arguments ~x1, ~x2, ..., ~xm, by substituting for u1, u2, ... these arguments in all possible
combinations (repetitions included). Also, for the table of typical basic invariants of a linear group of n-th degree
to be complete with respect to any m argument, it is sufficient that it is true for n arguments, (see, [6]). Using
these facts, we prove the following theorem.
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Theorem 1. Let G be group Sp (4n). Any Sp(4n)−invariant polynomial is expressed an integrally rational
manner by the elements of the system

Ωα

(
~xl, ~ξm

)
, α ∈ {1, i, j, k} (10)

where ~xl ∈ V , ~ξm ∈ V ∗, V ∗ is the adjoint space for the space V .
Proof. To prove Theorem 1, it is sufficient to show that, according to the above facts, the statement of the

theorem is true for the sets of vectors ~x1, ~x2, ..., ~x4n ∈ V and ~ξ1, ~ξ2, ..., ~ξ4n ∈ V ∗. In other words it is sufficient
to show that arbitrary Sp (4n)− invariant polynomial of these vector arguments, be generated through forms
(10).

Obviously, we can express any polynomial p
[
~x1, ~x2, ...

∣∣∣~ξ1, ~ξ2, ...] by the form P
{〈
~xl

∣∣∣~ξm〉}, where〈
~xl

∣∣∣~ξm〉 = ~xl~ξm =
4n∑
n=1

xlnξmn.

Let p
[
~x1, ~x2, ..., ~x4n

∣∣∣~ξ1, ~ξ2, ..., ~ξ4n ] be any Sp (4n)−invariant polynomial. Using the transformation
g ∈ Sp (4n), we can pass the vector arguments ~x1, ~x2, ..., ~x4n ∈ V to the vectors ~e1, ~e2, ..., ~e4n, which the standard
basis of vectors in V .

Let g ∈ Sp (4n). Then we have the system of equations ~xlg = ~el,
(
l = 1, 4n

)
. Also, considering that

~e4t+2 = ~e4t+1I, ~e4t+3 = ~e4t+1J , ~e4t+4 = ~e4t+1K, (t = 0, n− 1) and g ∈ Sp (4n), we get the system of equations

~x4t+2 = ~x4t+1I, ~x4t+3 = ~x4t+1J, ~x4t+4 = ~x4t+1K. (11)

In this case, the coordinates of each vector of the set vectors {~xl, ~xl+1, ~xl+2, ~xl+3} are determined by the
coordinates of the vector ~xl, where l = 4t+ 1, t = 0, n− 1. In what follows, we denote by X the matrix in the
form (xlm)

4n
l,m=1. Then, the matrix X with the help of equations (10) is defined in the following form

X =


X11 X15 ... X1(4n−3)

X51 X55 ... X5(4n−3)

...
... ...

...
X(4n−3)1 X(4n−3)5 ... X(4n−3)(4n−3)

 ,
where Xlm will be as follows:

Xlm =


xlm xlm+1 xlm+2 xlm+3

−xlm+1 xlm −xlm+3 xlm+2

−xlm+2 xlm+3 xlm −xlm+1

−xlm+3 −xlm+2 xlm+1 xlm

 .
In addition, we have the equality g = X−1 from the equation Xg = E. Also, we obtain to the equality
g = XT from g ∈ Sp(4n). In turn, during the transformation the set {~x1, ~x2, ..., ~x4n} to the set {~e1, ~e2, ..., ~e4n}
respectively the vectors ~ξ1, ~ξ2, ..., ~ξ4n will changed into the system of vectors ~ξ

′

1,
~ξ
′

2, ...,
~ξ
′

4n and defined them as
follows:

we denote the matrices (ξlm)
4n
l,m=1 and

(
ξ
′

lm

)4n

l,m=1
respectively by Ξ and Ξ′. Then, we have an equation as

follows Ξ
′

= gTΞ = XΞ. From this equation it follows that ξ
′

lm = Ωα

(
~xs, ~ξm

)
, where l,m = 1, 4n,

α =


1, if l = 4s− 3, then be s = 1, n;
i, if l = 4s− 2, then be s = 1, n;
j, if l = 4s− 1, then be s = 1, n;
k, if l = 4s, then be s = 1, n.

(12)

Then, we can see that each vector ~ξ′
l is defined as an algebraic expression of the bilinear form Ωα (~xs, ~xm). In

addition, the equation

p
[
~x1, ..., ~x4n

∣∣∣~ξ1, ..., ~ξ4n ] = p
[
~e1, ..., ~e4n

∣∣∣~ξ′

1, ...,
~ξ
′

4n

]
= P

[
ξ
′

lm

]
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is true for any Sp (4n)−invariant polynomial p
[
~x1, ..., ~x4n

∣∣∣~ξ1, ..., ~ξ4n ]. Then it follows that any

Sp (4n)−invariant polynomial p
[
~x1, ..., ~x4n

∣∣∣~ξ1, ..., ~ξ4n ] algebraically expressed by the forms Ωα (~xs, ~xm).
Theorem 1 has been proved. 2.

It is known that the second important problem in the course of invariant theory is the determination of the
relationship between typical basic invariants. Accordingly, below we define the relationship between the elements
of the system (10).

Let the scalar product in the space Hn be given by the form 〈 , 〉. In this case, consider the product

〈x1, x2〉 〈x3, x4〉 ... 〈x2n−1, x2n〉 , (13)

corresponding to the vectors x1, x2, x3, ..., x2n ∈ Hn, where ~xl 6= θ, l = 1, 2n. Replacing each 〈 , 〉 bilinear form
given in the product (13) by (6), we obtain a formula of the following form

〈x1, x2〉 ... 〈x2n−1, x2n〉 = Fα1,...,αn + F β1,...,βni+ F γ1,...,γnj + F ν1,...,νnk, (14)

where
Fα1,...,αn =

∑
cαΩα1 (~x1, ~x2) ...Ωαn (~x2n−1, ~x2n), α1 · α2 · ... · αn = ±1;

F β1,...,βn =
∑

cβΩβ1
(~x1, ~x2) ...Ωβn (~x2n−1, ~x2n), β1 · β2 · ... · βn = ±i;

F γ1,...,γn =
∑

cγΩγ1 (~x1, ~x2) ...Ωγn (~x2n−1, ~x2n), γ1 · γ2 · ... · γn = ±j;

F ν1,...,νn =
∑

cνΩν1 (~x1, ~x2) ...Ωνn (~x2n−1, ~x2n), ν1 · ν2 · ... · νn = ±k;

cα = (−1)
q
sign (α1 · α2 · ... · αn) , cβ = (−1)

q
sign (β1 · β2 · ... · βn) ;

cγ = (−1)
q
sign (γ1 · γ2 · ... · γn) , cν = (−1)

q
sign (ν1 · ν2 · ... · νn) ;

α`, β`, γ`, ν` ∈ {1, i, j, k} , q− the number of imaginary units in the product {ω1 · ω2 · ... · ωn},
ω` ∈ {α`, β`, γ`, ν`}, ` = 1, n.

For example (see, [22]), 〈x1, x2〉〈x3, x4〉 =

= [Ω1 (x1, x2) Ω1 (x3, x4)− Ωi (x1, x2) Ωi (x3, x4)− Ωj (x1, x2) Ωj (x3, x4)− Ωk (x1, x2) Ωk (x3, x4)] +

+i [−Ω1 (x1, x2) Ωi (x3, x4)− Ωi (x1, x2) Ω1 (x3, x4) + Ωj (x1, x2) Ωk (x3, x4)− Ωk (x1, x2) Ωj (x3, x4)] +

+j [−Ω1 (x1, x2) Ωj (x3, x4)− Ωj (x1, x2) Ω1 (x3, x4) + Ωk (x1, x2) Ωi (x3, x4)− Ωi (x1, x2) Ωk (x3, x4)] +

+k [−Ω1 (x1, x2) Ωk (x3, x4)− Ωk (x1, x2) Ω1 (x3, x4) + Ωi (x1, x2) Ωj (x3, x4)− Ωj (x1, x2) Ωi (x3, x4)] =

= Fα1,α2 (x1, x2, x3, x4) + F β1,β2 (x1, x2, x3, x4) i+ F γ1,γ2 (x1, x2, x3, x4) j + F ν1,ν2 (x1, x2, x3, x4) .

Using the above definition and formulas, we will defined the relationship between the elements of system
(10). To do this, we use an n linear independent vectors x1, ..., xn ∈ Hn and the properties of the determinant
of the Gram matrix composed of them. Further, let us denote the Gram matrix as Γ (x1, ..., xn). It is known
that the Gram matrix Γ (x1, ..., xn) is a Hermitian quaternion matrix of order n and it’s determinant defines
with formula in the following

detlΓ (x1, ..., xn) =
∑
σ∈Sn

(−1)
n−κ 〈

xl, xlm1

〉 〈
xlm1

, xlm1+1

〉
...
〈
xlm1+δ1

, xl
〉
...
〈
xlmκ , xlmκ+1

〉
...
〈
xlmκ+δκ

, xn
〉
,

(15)
where Sn is a group of the permutation of the set {1, 2, ..., n}, l is number of rows,
σ = (l, lm1

, lm1+1, ..., lm1+δ1) ... (lmκ , lmκ+1, ..., lmκ+δκ) ∈ Sn, κ− is number of cyclic; In addition, the following
properties hold for the Gram determinant:

Proposition 1. If the vectors {x1, x2, ..., xn} is linearly independent in Hn, then the relations
detlΓ (x1, ..., xn) ∈ R and detlΓ (x1, ..., xn) 6= 0 hold, where l is the number of rows;

Proposition 2. Let {x1, ..., xn, x} a set of the first n linearly independent vectors in the space Hn. Then
for the Gram matrix consisting of them the equality detlΓ (x1, ..., xn, x) = 0 is true, where
x = λ1x1 + λ2x2 + ...+ λnxn;
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Proposition 3. Let {x1, ..., xn+1, xn+2} a set of the first n linearly independent vectors in the space Hn.
Then, the minor determinant Mn+2,1 of order (n+ 1)−th of detlΓ (x1, ..., xn, xn+1, xn+2) is equal zero, i.e.,

Mn+2,1 =
∑

σ
′
1∈S̄n+1

(−1)
n+1−κ 〈

x1, xlm1

〉 〈
xlm1

, xlm1+1

〉
... ˜〈

xlm1+δ1
, x1

〉
...
〈
xlmκ , xlmκ+1

〉
...
〈
xlmκ+δκ

, xlmκ
〉

= 0

where the permutation σ
′

1 and the set S̄n+1 are obtained as follows:
let σ′ ∈ Sn+2 be a permutation in form as the follows

σ′ = (n+ 2 1 lm1 ... lm1+δ1) ... (lmκ lmκ+1 ... lmκ+δκ) ;

denote by σ
′

1 that the decomposition

(1 lm1
... lm1+δ1) ... (lmκ lmκ+1 ... lmκ+δκ)

Also, we denote by Sn+1 that the set of all the decomposition σ
′

1;
˜〈

xlm1+δ1
, x1

〉
=
〈
xlm1+δ1

, xn+2

〉
.

Proposition 1-3 follows from the properties of Hermitian quaternion matrices, (see, [21]).
Now, we define the relations corresponding to Propositions 1-3 for the set of strongly linearly independent

vectors ~x1, ..., ~xn given in space V .
Let a set B1 = {1, 2, ..., n} and a permutation group Sn, consisting of elements of the set B1 be given. It is

known that any permutation(
1 ... lm1

... lm1+δ1 lm2
... lm2+δ2 ... lmκ ... n

lm1 ... lm1+1 ... 1 lm2+1 ... lm2
... lmκ+1 ... lmκ

)
∈ Sn

can be represented as a decomposition

(1 , lm1 , ..., lm1+δ1) (lm2 , lm2+1, ..., lm2+δ2) ... (lmκ , lmκ+1, ..., n) (16)

where lms+δs = 1, n, δs ∈ Z+
0 , s = 1, κ, lm2 < lm3 < ... < lmκ , κ is number of cyclic. We denote by υ the set of

ordered pairs corresponding to decomposition (16), i.e.,

{(1, lm1) , ..., (lm1+δ1 , 1) , (lm2 , lm2+1) , ..., (lm2+δ2 , lm2) , ..., (lmκ , lmκ+1) , ..., (n, lmκ)} ,

and denote by ρ a bijective mapping from B1 to υ. We also denote the set of all mappings ρ by Aρ and by
Fα1,...,αn
ρτ the product

Ωα1

(
~xlms1

, ~xl′
ms1

)
Ωα2

(
~xlms2

, ~xl′
ms2

)
· ... · Ωαn

(
~xlmsn , ~xl

′
msn

)
,

where α1, ..., αn ∈ {1, i, j, k},
{
lms , l

′

ms

}
= ρ−1

τ (ms), lms < l
′

ms
, ms ∈ B1, τ = 1, n!.

Lemma 2. Let {~x1, ~x2, ..., ~xn} be a set of strong linearly independent vectors in V . If the condition
α1α2 · ... · αn = ±1 holds, then the relation

F (~x1, ~x2, ..., ~xn) =
∑
ρτ∈Aρ

(−1)
n−κ

cαρτF
α1α2·...·αn
ρτ 6= 0 (17)

is valid for the set of vectors ~x1, ~x2, ..., ~xn where κ is number of the permutation στ (υτ ↔ στ ), also

cαρ̄τ = (−1)
q
sign {α1 · α2 · ... · αn}×

×sign
{

Ωα1

(
~xlms1

, ~xl′
ms1

)
Ωα2

(
~xlms2

, ~xl′
ms2

)
· ... · Ωα2

(
~xlmsn , ~xl

′
msn

)}
,

q− is number of imaginary units in the product α1 · α2 · ... · αn.
Proof. To prove Lemma 2, we use Proposition 1 and equality (14). According to Proposition 1, the relations

detlΓ (x1, x2, ..., xn) ∈ R and detlΓ (x1, x2, ..., xn) 6= 0 are valid for the linearly independent vectors
x1, x2, ..., xn ∈ Hn; from equality (15) we have that, for l = 1, the formula

det1Γ (x1, ..., xn) =
∑
σ∈Sn

(−1)
n−κ 〈

x1, xlm1

〉 〈
xlm1

, xlm1+1

〉
...
〈
xlmκ+δκ

, xn

〉
. (18)
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Taking into account the definition of the mapping ρ and the equality Ω1

(
xlmκ , xl′mκ

)
= Ω1

(
xl′mκ

, xlmκ

)
,

Ωα1

(
xlmκ , xl′mκ

)
= −Ωα1

(
xl′mκ

, xlmκ

)
, (α1 ∈ {i, j, k}) we obtain the following relation by applying equality

(14) to the right of formula (18):

det1Γ (x1, ..., xn) =
∑
ρτ∈Aρ

(−1)
n−κ

cαρτF
α1·...·αn
ρτ + i

∑
ρτ∈Aρ

(−1)
n−κ

cβρτF
β1·...·βn
ρτ +

+ j
∑
ρτ∈Aρ

(−1)
n−κ

cγρτF
γ1·...·γn
ρτ + k

∑
ρτ∈Aρ

(−1)
n−κ

cνρτF
ν1·...·νn
ρτ , (19)

where the vectors ~x1, ..., ~xn corresponds to the vectors x1, ..., xn with respect to the action of realification.
In this case, since the vectors x1, ..., xn are linearly independent, it is clear that the vectors ~x1, ..., ~xn are

strongly linearly independent; Since det1Γ (x1, ..., xn) ∈ R, in equality (19) the coefficients in front of the
imaginary units i, j, k are equal to zero; From det1Γ (x1, ..., xn) 6= 0 it follows that statements of Lemma 2. 2

Lemma 3. Let {~xl}n+1
l=1 be a sequence of vectors ~x1, ~x2, ..., ~xn, ~xn+1, the firs n of which are strongly linearly

independent. If the condition α1α2 · ... · αn+1 = ±1 holds, then the relation

F (~x1, ~x2, ..., ~xn+1) =
∑
ρτ∈Aρ

(−1)
n+1−κ

cαρτF
α1α2·...·αn+1
ρτ = 0 (20)

is valid for the sequence {~xl}n+1
l=1 , where κ is a number of cycles in permutation σ, which the corresponding to

the mapping ρτ , also

cαρτ = (−1)
q
sign {α1 · ... · αn+1} · sign

{
Ωα1

(
xlm1

, xl′m1

)
· ... · Ωαn+1

(
xlmn+1

, xl′mn+1

)}
.

The statement of Lemma 3 follows from Property 2, equalities (14) and (18). Only in this case is considered
the permutation of σ ∈ Sn+1, the corresponding set υ that it, and the set of mapping ρ : {1, 2, ..., n+ 1} → υ.

Let us now define the relation that follows from Proposition 3.
Let a set B2 = {1, 2, ..., n+ 1, n+ 2} and a group Sn+2 be the permutation group consisting of the elements

of B2 be given. We obtain the elements of the group Sn+2 in the following form

σ =

(
n+ 2 1 2 ... n+ 1

1 lms1 lms2 ... lmsn+1

)
.

Also, we can be represented of this permutations in form decomposition of independent cycles, i.e.,

σ = (n+ 2, 1, lm1
, ..., lm1+δ1) (lm2

, lm2+1, ..., lm2+δ2) ... (lmκ , lmκ+1, ..., lmκ+δκ) , (21)

where lms+δs = 1, n+ 2, δs ∈ Z+
0 , s = 1, κ, lm2 < lm3 < ... < lmκ , κ is the number of cycles.

We denote by υ the set of ordered pairs corresponding to decomposition (21), i.e.,

{(n+ 2, 1) (1, lm1) , ..., (lm1+δ1 , n+ 2) , (lm2 , lm2+1) , ..., (lm2+δ2 , lm2) , ..., (lmκ , lmκ+1) , ..., (lmκ+δκ , lmκ)} ,

also, denote by υ′ that the subset υ in the form

{(1, lm1
) , ..., (lm1+δ1 , n+ 2) , (lm2

, lm2+1) , ..., (lm2+δ2 , lm2
) , ..., (lmκ , lmκ+1) , ..., (lmκ+δκ , lmκ)} .

Further, we denote the bijective mapping from the set {1, 2, ..., n+ 1} to σ′ by ρ′, and also by Aρ′ the set of all
mappings ρ′ that define.

Lemma 4. Let {~xl}n+2
l=1 be a sequence of vectors ~x1, ~x2, ..., ~xn+1, ~xn+2, the first n of which are strongly

linearly independent. If the product ω1ω2 · ... · ωn+1 is equal to one of the values ±1; ±i; ±j; ±k, then the
relation

F (~x1, ..., ~xn+1, ~xn+2) =
∑

ρ′τ∈Aρ′

(−1)
n+1−κ

cω
ρ′τ
F
ω1, ω2..., ωn+1

ρ′τ
= 0 (22)

is valid for the sequence {~xl}n+2
l=1 , where

cωρ′ = (−1)
q
sign {ω1 · ω2 · ... · ωn+1}×

× sign
{

Ωω1

(
~xlms1 , ~xl

′
ms1

)
Ωω2

(
~xlms2 , ~xl

′
ms2

)
· ... · Ωωn+1

(
~xlmsn+1

, ~xl′msn+1

)}
,
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q− is the number of imaginary units in the product ω1 ·ω2 ·...·ωn+1, ω` ∈ {1, i, j, k},
{
lms , l

′

ms

}
=
(
ρ

′

τ

)−1

(ms),

lms < l
′

ms , τ = 1, n+ 1!, ms = 1, n+ 1.
Lemma 4 proves by Proposition 3, formula (14), and the definition of the bijective mapping ρ

′

τ ∈ Aρ′ . From
in above theorem and lemmas, we obtain a corrollary the following:

Corollary 2 System (10) is a complete table of typical basic invariants for the group G = Sp(4n) and the
statements of Lemmas 1-4 are represented the relations between of them.

The differential field Sp (4n)−invariant rational functions

In this section, we study the differential ring that the corresponding to he ring R
[
~x1, ~x2, ..., ~4n

]Sp(4n)

. Also, we
solve the problems describing the system of d-generators and finding the relations in between of them.

Let K be a commutative ring and d a derivation in K, i.e.,

d(x+ y) = d(x) + d(y), d(x · y) = d(x) · y + x · d(y)

for any x, y ∈ K.
It is known ([9]) that a derivation d in an integral domain K admits a unique extension to a derivation of

the corresponding field of fractions.
A commutative ring K with unity (respectively, a field P) in which a fixed derivation is specified is called a

differential ring (d-ring), (respectively a differential field, d-field). A subfield F in a d-field P is called a d-subfield
if d(F) ⊂ F.

We will use the following examples of d-rings and d-fields.
We fix a natural number 4n ∈ N and consider the ring of polynomials of countable number of variables

x
(0)
1 , x

(0)
2 , ..., x

(0)
4n , x

(1)
1 , x

(1)
2 , ..., x

(1)
4n , ..., x

(r)
1 , x

(r)
2 , ..., x

(r)
4n , ..., r = 0, 1, 2, ...

of the form
R
[
x

(0)
1 , x

(0)
2 , ..., x

(0)
4n , x

(1)
1 , x

(1)
2 , ..., x

(1)
4n , ..., x

(r)
1 , x

(r)
2 , ..., x

(r)
4n , ...

]
with coefficients from the field of real numbers R; we denote this ring by R{~x} (we assume that xl = x

(0)
l , l =

1, 4n). We set d
(
x

(r)
l

)
= x

(r+1)
l , d(c) = 0, c ∈ R, for all l = 1, 4n, r ∈ Z+

0 . The mapping d can be uniquely
extended to a differentiation d in the ring R{~x}. Then this ring becomes a differential ring, its elements are
called d-polynomials; we denote them f{~x}, where ~x = {xl}4nl=1 ∈ V .

We denote by R〈~x〉 the field of fractions for the ring by R{~x}, i.e., R〈~x〉 is the field of all rational functions
of the same variables x(r)

l , r ∈ Z+
0 , l = 1, 4n. Also, the differentiation d can be naturally extended from the

ring R{~x} to a differentiation on the field R〈~x〉. Then this field becomes a differential field, and elements of the
d-field R〈~x〉 are called d-rational functions; we denote them f〈~x〉.

Let G be a subgroup of the group GL(4n,R).
Definition 6. A differential polynomial f{~x} (respectively, a d-rational function f〈~x〉) is said to be

G−invariant if
f{~xg} = f{~x}, (f〈~xg〉 = f〈~x〉)

for all g ∈ G.
The set of all G−invariant d-polynomials (respectively, G−invariant d-rational functions) is denoted by

R{~x}G (respectively, R〈~x〉G). It is known that R{~x}G ⊂ R{~x} (respectively, R〈~x〉G ⊂ R〈~x〉).
Let the set Σ′ = {ε′l}l∈L is consisted from elements of R{~x}G, where L is a set in finite number, the ordered

of natural number.
A subset Σ′ of R〈~x〉G is called a generating system of the d-field R〈~x〉G if an arbitrary element f〈~x〉 of R〈~x〉G

can be generating by applying a finite number of operations of the d-field R〈~x〉G to the elements of Σ′, and the
elements of Σ′ are called d-generators of the d-field R〈~x〉G.

Elements {ε′1, ε′2, ..., ε′s} of Σ′ are said to be d− algebraical dependent over d-field R〈~x〉G if there exists a non
zero d-polynomial P {y1, y2, ..., ys} ∈ R {~x} such that P {ε′1, ε′2, ..., ε′s} = 0. Otherwise, the system of elements
ε′1, ε

′
2, ..., ε

′
s is said to be d−algebraically independent over R〈~x〉G. Also, a finite system of d-generators in

R〈~x〉G that is d-algebraically independent is called d-rational basis of the d-generators of the d-field R〈~x〉G .
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We consider the following problem constructing a finite system of d-generators of the d-field R〈~x〉G in case
G = Sp(4n).

Theorem 2. A system of d-generators of the d-field R〈~x〉Sp(4n) is formed be the polynomials

Ω1

(
~x(r), ~x(r)

)
, Ωα1

(
~x(r), ~x(r+1)

)
,
(
r = 0, n− 1, α1 ∈ {i, j, k}

)
. (23)

Proof. To prove Theorem 2, we use he following statements and propositions.
Statement 1. Any Sp(4n)− invariant d-rational function is the ratio of two Sp(4n)−invariant d-

polynomials. This statement follows from Proposition 1 in [7] (see, also the proof of Theorem 2.1.1 in [9]).
Statement 2. Any Sp(4n)− invariant d-polynomial is represented by the d-polynomials

Ωα

(
~x(l), ~x(m)

)
, (α ∈ {1, i, j, k}) .

Statement 2 is differential analogy of Theorem 1.
Statement 3. If α ∈ {1, i, j, k} and ~x ∈ V , then the following affirmations are hold for the

Sp(4n)−invariant d-polynomials Ωα
(
~x(l), ~x(m)

)
:

i1) any d-polynomial Ω1

(
~x(l), ~x(m)

)
, l,m ∈ Z+

0 is expressed in terms of the d-polynomials Ω1

(
~x(r1), ~x(r1)

)
with use of finite number of operations in the d-ring R{~x}Sp(4n), where r1 ≤

[
l +m

2

]
;

i2) any d-polynomial Ω1

(
~x(r1), ~x(r1)

)
is expressed d-rational by the d-polynomials Ω1

(
~x

(
r
′
1

)
, ~x

(
r
′
1

))
, where

r1 ≥ 4n, r
′

1 = 0, 4n− 1;

i3) any d-polynomial Ωi
(
~x(l), ~x(m)

)
, l,m ∈ Z+

0 , l < m is expressed in terms of the d-polynomials
Ωi
(
~x(r2), ~x(r2+1)

)
with the use of finite number of operations in the d-ring R{~x}Sp(4n), where l + m ≥

2r2 + 1;

i4) any d-polynomial Ωi
(
~x(r2), ~x(r2+1)

)
, r2 ≥ 4n is expressed d-rationally in term of the d-polynomials

Ωi

(
~x

(
r
′
2

)
, ~x

(
r
′
2+1

))
, where r

′

2 = 0, 4n− 1;

i5) any d-polynomials Ωj
(
~x(l), ~x(m)

)
and Ωk

(
~x(l), ~x(m)

)
, l,m ∈ Z+

0 , l < m are expressed in terms of the
d-polynomials Ωj

(
~x(r3), ~x(r3+1)

)
and Ωk

(
~x(r3), ~x(r2+1)

)
with the use of finite number of operations in the

d-ring R{~x}Sp(4n), where l +m ≥ 2r3 + 1;

i6) any d-polynomial Ωj
(
~x(r3), ~x(r3+1)

)
and Ωk

(
~x(r3), ~x(r3+1)

)
, r3 ≥ 4n is expressed d-rationally in term of

the d-polynomials Ωj

(
~x

(
r
′
3

)
, ~x

(
r
′
3+1

))
and Ωk

(
~x

(
r
′
3

)
, ~x

(
r
′
3+1

))
where r

′

3 = 0, 4n− 1.

Parts i1) and i2) of Statement 3 have been proved by Aripov R.G [10] and Xadjiyev Dj [7] in case generally;
parts i3) and i4) was proved by Muminov K.K [8]; parts i5) and i6) are follow by applying the equalities

Ωj

(
~x(l), ~x(m)

)
= Ωi

(
~x(l)A1, ~x

(m)A1

)
and Ωk

(
~x(l), ~x(m)

)
= Ωi

(
~x(l)A2, ~x

(m)A2

)
to the proof of parts i3) and i4).

Note 2. Since the equality Ωα
(
~x(l), ~x(m)

)
= −Ωα

(
~x(m), ~x(l)

)
is hold, the case l > m of parts i3)− i6) follows

from those case l < m.
From Statements 1-3, we get the following corollary for the Sp(4n)−invariant d-polynomial Ωα

(
~x(l), ~x(m)

)
.

Corollary 3. Any Sp(4n)−invariant d-rational function is expressed d-rationally with d-polynomials

Ω1

(
~x(r′), ~x(r′)

)
, Ωα1

(
~x(r′), ~x(r′+1)

)
, r′ = 0, 4n− 1, α1 ∈ {i, j, k}. (24)

It follows from Corollary 2 that to prove Theorem 2 it suffices to show that elements of system (24) will be
d-rationally expressed by elements of system (23). In other words, we study the problem of minimizing the
number of elements of the system (24). To do this, we widely use the following propositions:
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Proposition 4. For any non-zero Sp(4n)−invariant d-polynomial Ωα
(
~x(l), ~x(m)

)
, (α ∈ {1, i, j, k}), the

following equality holds:

d
[
Ωα

(
~x(l), ~x(m)

)]
= Ωα

(
~x(l+1), ~x(m)

)
+ Ωα

(
~x(l), ~x(m+1)

)
, (α ∈ {1, i, j, k}) ; (25)

Proposition 5. For any sequence of the strong linear independent vectors ~x, ~x(1), ..., ~x(n−1) in V , the
following relation is true:

F
(
~x, ~x(1), ..., ~x(n−1)

)
=
∑
ρτ∈Aρ

(−1)
n−κ

cαρτF
α1,α2,...,αn
ρτ 6= 0; (26)

where α1 · α2 · ... · αn = ±1, αs ∈ {1, i, j, k},

cαρτ = (−1)
q
sign {α1 · α2 · ... · αn} × sign {Ωα1

· Ωα2
· ... · Ωαn} ;

Proposition 6. Let be a set {~x, ~x(1), ..., ~x(n−1)} of strong linearly independent vectors in V . Then, the
following relation

F
(
~x, ~x(1), ..., ~x(n)

)
=
∑
ρτ∈Aρ

(−1)
n+1−κ

cαρτF
α1,α2,...,αn+1
ρτ = 0 (27)

is true for any sequence of vectors ~x, ~x(1), ..., ~x(n) in V , where α1 · α2 · ... · αn+1 = ±1, αs ∈ {1, i, j, k},

cαρτ = (−1)
q
sign {α1 · α2 · ... · αn} × sign {Ωα1

· Ωα2
· ... · Ωαn} ;

Proposition 7. Let be a set {~x, ~x(1), ..., ~x(n−1)} of strong linearly independent vectors in V . Then, the
following relation

F
(
~x, ~x(1), ~x(2), ... , ~x(n+1)

)
=

∑
ρ′τ∈Aρ′

(−1)
n+1−κ

cω
ρ′τ
F
ω1, ω2,...,ωn+1

ρ′τ
= 0 (28)

is true for the ~x, ~x(1), ..., ~x(n), ~x(n+1) in V , where w1 · w2 · ... · wn = β, β ∈ {±1, ±i, ±j, ±k},

cwρτ = (−1)
q
sign {w1 · w2 · ... · wn+1} × sign

{
Ωw1 · Ωw2 · ... · Ωwn+1

}
.

Proposition 4 follows from definition of the operation differential; Propositions 5-7 represents the differential
analogy of Lemmas 2-4.

We first minimize the number of d-polynomials Ω1

(
~x(r′), ~x(r′)

)
, (r′ = 0, 4n− 1) using the above propositions

and statements. To do this, we use the method of mathematical induction:
Step 1. Let be r′ = 0, n− 1. Then the d−polynomials Ω1

(
~x(r′), ~x(r′)

)
is elements of system (23);

Step 2. Let be r′ = n. There expressing equality (27) of Proposition 6 in the form

F
(
~x, ..., ~x(n)

)
= F1

(
~x, ..., ~x(n)

)
+ Ω1

(
~x(n), ~x(n)

)
F
(
~x, ..., ~x(n−1)

)
= 0,

we obtain the following

Ω1

(
~x(n), ~x(n)

)
= −

F1

(
~x, ..., ~x(n)

)
F
(
~x, ..., ~x(n−1)

) , (29)

where the expression F1

(
~x, ..., ~x(n)

)
will be the sum of such terms of the expression F

(
~x, ..., ~x(n)

)
that it doesn’t

contain d-polynomial Ω1

(
~x(n), ~x(n)

)
; it is known from Proposition 5 that F

(
~x, ..., ~x(n−1)

)
isn’t equal to zero;

therefore the fraction is well defined, which on the right side of formula (29); also the expressionF1

(
~x, ..., ~x(n)

)
and F

(
~x, ..., ~x(n−1)

)
consist of d-polynomials Ωα

(
~x(l), ~x(m)

)
, l,m = 0, n,

α ∈ {1, i, j, k}; In this case, under the conditions i1), i2), i3) of Statements 3, we have that the Ω1

(
~x(r1), ~x(r1)

)
,

Ωα1

(
~x(r2), ~x(r2+1)

)
, (α1 ∈ {i, j, k}) are expressed d-rationally in terms of elements of System (23), since

l +m ≤ max{l +m} = 2n− 1,

r1 ≤
[

2n− 1

2

]
=

[
n− 1

2

]
= n− 1⇒ r1 = 0, n− 1; 2r2 + 1 ≤ 2n− 1⇒ r2 ≤ n− 1⇒ r2 = 0, n− 1.
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Hence, the expressions F1

(
~x, ..., ~x(n)

)
and F

(
~x, ..., ~x(n−1)

)
are also expressed d-rationally in terms of elements

of System (23). From this and the equality (29) follows that d-polynomial Ω1

(
~x(n), ~x(n)

)
is also expressed

d-rationally by the elements of System (23);
Now, we shall show that the Sp(4n)−invariant d-polynomials Ωα1

(
~x(n), ~x(n+1)

)
, (α1 = {i, j, k}) are

expressed d-rationally in terms of elements of the system (23). To do this we use the equality (26), as a result
we have the system, 

∑
ρ′τ∈Aρ′

(−1)
n+1−κ

cα
ρ′τ
F
α1·...·αn+1

ρ′τ
= 0, α1 · ... · αn+1 = ±1;∑

ρ′τ∈Aρ′
(−1)

n+1−κ
cβ
ρ′τ
F
β1·...·βn+1

ρ′τ
= 0, β1 · ... · βn+1 = ±i;∑

ρ′τ∈Aρ′
(−1)

n+1−κ
cγ
ρ′τ
F
γ1·...·γn+1

ρ′τ
= 0, γ1 · ... · γn+1 = ±j;∑

ρ′τ∈Aρ′
(−1)

n+1−κ
cν
ρ′τ
F
ν1·...·νn+1

ρ′τ
= 0, ν1 · ... · νn+1 = ±k

(30)

where α`, β`, γ`, ν` ∈ {1, i, j, k}, l = 1, n+ 1.
Let us system (30) with respect to the polynomials Ωα

(
~x(n), ~x(n+1)

)
, (α ∈ {1, i, j, k}). To do this, denote by

ρ
′′

τ a bijective mapping that satisfies the conditions
(
ρ

′

τ

)(−1)

(n+ 1) = {n, n+ 1}, and we obtain the following

F
ω1,...,ωn+1

ρ′′τ
= Fω1,...,ωn

ρ′′τ
Ωωn+1

(
~x(n), ~x(n+1)

)
where ω` ∈ {α`, β`, γ`, ν`};
Also, we introduce notations in the following:

z1 = Ω1

(
~x(n), ~x(n+1)

)
, z2 = Ωi

(
~x(n), ~x(n+1)

)
, z3 = Ωj

(
~x(n), ~x(n+1)

)
, z4 = Ωk

(
~x(n), ~x(n+1)

)
D1 =

∑
ρ′′τ ∈Aρ′

(−1)
n+1−κ

cα
ρ′′τ
Fα1,...,αn
ρ′′τ

, (α1 · ... · αn = ±1) ;

D2 =
∑

ρ′′τ ∈Aρ′

(−1)
n+1−κ

cβ
ρ′′τ
F β1,...,βn
ρ′′τ

, (β1 · ... · βn = ±i) ;

D3 =
∑

ρ′′τ ∈Aρ′

(−1)
n+1−κ

cγ
ρ′′τ
F γ1,...,γn
ρ′′τ

, (γ1 · ... · γn = ±j) ;

D4 =
∑

ρ′′τ ∈Aρ′

(−1)
n+1−κ

cν
ρ′′τ
F ν1,...,νn
ρ′′τ

, (ν1 · ... · νn = ±k) ;

Moreover, we denote by N1, N2, N3, N4 the sum of the products Fω1,...,ωn+1

ρ′τ
corresponding to the mapping

ρ
′

τ ∈ Aρ′ that satisfies the conditions
(
ρ

′

τ

)(−1)

(n+ 1) 6= {n, n+ 1}. From these notations and from system
(30), we have a system of the following form:

−D1z1 +D2z2 +D3z3 +D4z4 = N1

D2z1 +D1z2 +D4z3 −D3z4 = N2

D3z1 −D4z2 +D1z3 +D2z4 = N3

D4z1 +D3z2 −D2z3 +D1z4 = N4.

(31)

It is easily shown that a determinant of coefficient matrix of system (31) is defined by formula

∆′ = −
(
D2

1 +D2
2 +D2

3 +D2
4

)2
,

where ∆′ is determinant of coefficient matrix.
Hence, the equal ∆′ = 0 is true if and only if D1 = D2 = D3 = D4 = 0. According to Lemme 1, at least

one of the coefficients D1, D2, D3, D4 is nonzero. Hence, ∆′ 6= 0, and system (31) has a unique solution.
In this case, we can be represented by d-polynomials Ωω

(
~x(n), ~x(n+1)

)
, (ω ∈ {1, i, j, k}) in terms of D1, D2,

D3, D4 and Nt
(
t = 1, 4

)
in a unique form. It is easily shown that the conditions l + m ≤ 2n is hold for
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the d-polynomials in these expressions. From this and from i3) it is follows that d-polynomials Ωω
(
~x(l), ~x(m)

)
,

(ω ∈ {1, i, j, k}) are expressed d-rationally in terms of the elements of system (23). This shown that the d-
polynomials Ωω

(
~x(n), ~x(n+1)

)
, (ω ∈ {1, i, j, k}) are also expressed d-rationally by the elements of system (23).

Step 3. Let be r′ = n+ s, (s = 2, 3n− 2). In this case, we assume that the statement of Theorem 2 is true;
Now, we prove that the statement of Theorem 2 is true by using the above assumption, for

r′ = n+s+1 = 4n−1. To do this, we write of equality (27) in Proposition 6 for a set of vectors ~x(3n−1), ..., ~x(4n−1),
and have to the following

F
(
~x(3n−1), ..., ~x(4n−1)

)
= F1

(
~x(3n−1), ..., ~x(4n−1)

)
+ Ω1

(
~x(4n−1), ~x(4n−1)

)
F
(
~x(3n−1), ..., ~x(4n−2)

)
= 0

From the above equality, it follows

Ω1

(
~x(4n−1), ~x(4n−1)

)
= −

F1

(
~x(3n−1), ..., ~x(4n−1)

)
F
(
~x(3n−1), ..., ~x(4n−2)

) , (F (~x(3n−1), ..., ~x(4n−2)
)
6= 0.

)
The d-polynomials Ωα

(
~x(l), ~x(m)

)
in the expressions F1

(
~x(3n−1), ..., ~x(4n−1)

)
and F

(
~x(3n−1), ..., ~x(4n−2)

)
, are

expressed d-rationally in terms of the elements of system (23) under Statement 3 and the assumption, because
l,m = 3n− 1, 4n− 1. This implies that the d-polynomials Ω1

(
~x(4n−1), ~x(4n−1)

)
is also expressed d-rationally

in terms of the elements of system (23);
As above, it can be shown that the d-polynomials Ωα1

(
~x(4n−1), ~x(4n)

)
are also expressed d-rationally of the

elements of system (23) in accordance with Statement 3 and assumption. To do this, it suffices to repeat the
calculation for d-polynomial Ωα1

(
~x(n), ~x(n+1)

)
by a set of vectors ~x(3n−1), ..., ~x(4n). Hence, from the principle of

Mathematical Induction, it follows that the d-polynomials Ω1

(
~x(r′), ~x(r′)

)
, Ωα1

(
~x(r′), ~x(r′+1)

)
are expressed

d-rationally of the elements of the system (23 ) for all values of r′ = 0, 4n− 1. That is exactly what we wanted
to show. Theorem 2 is proved. 2

In conclusion, we can state the following corollary from Theorem 2.
Corollary 4. The d-field of Sp(4n)−invariant d-rational functions over R has a finite number of d-

generators, and their number is equal to 4n.
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